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Abstract
Helmholtz’s equations provide the motion of a system of N vortices which describes
a planar incompressible fluid with zero viscosity. A relative equilibrium is a particular
solution of these equations for which the distances between the vortices are invariant
during the motion. In this article, we are interested in relative equilibria formed of
concentric regular polygons of vortices. We show that in the case of one regular polygon
(and a possible vortex at the center) with more than three vertices (two if there is a
vortex at the center), a relative equilibrium requires equal vorticities (on the polygon).
We also determine all the relative equilibria with two concentric regular n-gons and
the same vorticity on each n-gon. This result completes the classical studies for two
regular n-gons when all the vortices have the same vorticity or when the total vorticity
vanishes.
I Introduction
In this paper, we are interested in polygonal relative equilibria of N vortices in a planar
incompressible fluid with zero viscosity. Their motion is given by Helmholtz’s equations
(Helmholtz, 1858):
z˙k = i
∑
l 6=k
Γl
zk − zl
|zk − zl|2 = i
∑
l 6=k
Γl
z¯k − z¯l ,
where Γ1, . . ., ΓN are the vorticities, z1, . . ., zN are the positions, seen as complex numbers,
and i =
√−1. These equations are integrable only for N = 2 or 3.
An N -vortex motion is said to be a relative equilibrium when the mutual distances
between the vortices are constant. This is equivalent to having, at a given time:
z˙l − z˙k = iω(zl − zk),
where ω is the angular velocity. For ω = 0, all the velocities are equal. The motion is either
an absolute equilibrium or a rigid translation with constant non-zero velocity. For ω 6= 0,
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the motion is a rotation with constant angular velocity ω around a fixed center Ω, such that:
z˙k = iω(zk − Ω)·
When the total vorticity is different from 0, the motion is an absolute equilibrium or a
rotation with center the center of vorticity defined as:
1∑N
k=1 Γk
N∑
k=1
Γkzk·
The determination of relative equilibria is a difficult problem. It is only since 2009 that we
have known that for a given value of the four vorticities, there is a finite number of four-
vortex relative equilibria, up to similarities (Hampton and Moeckel, 2009). Moreover, the
proof of this result requires sophisticated mathematical tools (such as the BKK theory of
sparse polynomial systems) and the use of a computer. A good introduction to the problems
and methods of vortex dynamics can be found in Newton (2001) and in Aref (2007). A more
specific introduction to relative equilibria in the N -vortex problem can be found in Aref et
al. (2002).
It is easy to check that when the N vortices have the same vorticity and are located at
the vertices of a regular polygon, they form a relative equilibrium. The motion is a rotation
around the center of the polygon, with non-zero angular velocity. Adding a vortex at the
center, we obtain the same kind of motion, or an absolute equilibrium. We sometimes have
relative equilibria in the case of several regular concentric or nested n-gons, with the same
vorticity on each polygon, and a possible vorticity at the center.
Phenomena related to various fields of science motivate the study of such motions.
Polygonal N -vortex relative equilibria were detected in superfluid Helium (Yarmchuk et al.,
1979). The great advance in satellite observations in the last years has allowed precise stu-
dies of various atmospherical phenomena, among them are hurricanes. In many of them, the
eyewall (which is the ring surrounding the eye of the hurricane, where the wind and rain are
the strongest) has a polygonal shape. Some of these eyewalls were first discovered numeri-
cally, and then observed by satellite. A remarkable example is Hurricane Isabel (Kossin and
Schubert, 2001; Kossin and Schubert, 2004), which showed a regular pentagonal pattern,
with a vortex at the center. Later, other patterns were observed in this hurricane. In one
of them, eight small vortices could be seen, creating after some time a square of vortices of
larger size. Concentric eyewalls have been observed in some intense hurricanes, a nice exam-
ple is the triple eyewall of Hurricane Juliette (McNoldy, 2004). This phenomenon happens
when outer rainbands manage to organize into a new eyewall. This outer eyewall moves
inward and strengthens thanks to the moisture and angular momentum of the inner eyewall,
whereas the inner eyewall dissipates. Eventually the outer eyewall completely replaces the
inner one. The presence of polygonal patterns in hurricanes and its consequences are still
very enigmatic and raise important and difficult questions.
In this article, we are particularly interested in relative equilibria formed of one or
two concentric regular polygons. In Section 1, we show that, in the case of one regular
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polygon (with a possible vortex at its center) formed of N ≥ 4 vortices (N ≥ 3 if there is a
vortex at the center), the motion is a relative equilibrium only for equal vorticities (on the
polygon). The relative equilibria formed of two concentric n-gons, with the same vorticity on
each n-gon, are known for some values of the vorticities (Havelock, 1931; Aref et al., 2002).
In Section 2, we provide an exhaustive classification of all these relative equilibria, which is
valid for every value of the vorticity on each polygon.
II One polygon with a possible vortex at its center
In the three-vortex problem, it is easy to check that when the vortices are at the vertices of an
equilateral triangle, they form a relative equilibrium for every value of the vorticities. When
the total vorticity does not vanish, the motion is a rotation around the center of vorticity
with constant non-zero angular velocity. When the total vorticity vanishes, the motion is a
translation with constant non-zero velocity. The aim of this section is to show that, on the
other hand, a regular polygon formed of N ≥ 4 vortices is in relative equilibrium only for
equal vorticities. Moreover, a configuration formed of a polygon with N ≥ 3 vortices and a
vortex at its center is in relative equilibrium only for equal vorticities on the polygon.
Our result provides a possible explanation for a strange phenomenon observed in some
numerical simulations of hurricanes. In various Weather Research and Forecasting simula-
tions (see Davis et al., 2008, for the case of Hurricane Katrina), many triangular eyewalls
could be observed, whereas all the vortex polygons physically observed in the real eyewall of
the same hurricanes do have at least four vertices. In fact, our result highlights a stability
property (with regard to the vorticity parameter) peculiar to vortex triangles. This could
explain a preferential convergence of some numerical algorithms to these more stable confi-
gurations.
The arguments of our demonstration were inspired by the proof of a formally similar
result in celestial mechanics. In that problem, we have to consider relative equilibria of N
punctual bodies which interact through gravitation, with masses m1, . . ., mN , and positions
~r1, . . ., ~rN . The motion of the bodies is given by Newton’s equations:
~¨rk =
∑
l 6=k
ml
~rl − ~rk
||~rl − ~rk||3 ·
In Perko and Walter (1985) and Elmabsout (1988), it is proved that, for a polygonal relative
equilibrium with N ≥ 4 celestial bodies, all the masses have to be equal. Although Newton’s
equations describe a physical system totally different from an incompressible fluid, they are
formally close to Helmholtz’s equations. That is why some results and methods relating to
Newton’s equations can be adapted to the study of Helmholtz’s equations, and conversely.
However, the existence of negative vorticities (whereas a mass is always positive) and sys-
tems with total vorticity zero makes the N -vortex problem more difficult in a certain sense.
Fortunately, the exponent 2 instead of 3 in the denominator of the equations also makes the
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N -vortex problem easier in another sense.
The idea is to make use of the properties of two virtual velocity fields, that we are
going to superimpose to the velocity field we study. Then we will show that our new velocity
field satisfies simple equations, which will happen to have exactly one solution, that we will
define as our third virtual velocity field. These three virtual velocity fields will be generated
by sources, sinks and vortices at the vertices 1, ρ = ei2pi/N , ρ2, . . ., ρN−1 of a regular polygon
with center the origin and radius 1. We will agree that a source with intensity Γ > 0 at
point z0 generates the following velocity field:
v(z) = Γ
z − z0
|z − z0|2 ·
We will see a sink with intensity Γ > 0 as a source with negative intensity −Γ, and a vortex
with vorticity Γ as a source with imaginary intensity iΓ. The superposition, at the same
point, of a source (or a sink) and a vortex can be seen as a source with intensity an imaginary
number a+ ib. Unlike the velocity fields generated by pure vortices, the fields generated by
complex sources are not necessarily incompressible.
Such complex sources can exist in nature. However, according to Euler’s equations,
their intensity is constant only when they are pure imaginary numbers, which corresponds to
the case of vortices. Nevertheless, in this section, we are going to consider systems with com-
plex sources with constant intensity, whose motions are solutions of generalized Helmholtz’s
equations with complex intensities, where the terms iΓk of the classical equations with vor-
tices were changed for complex intensities a+ ib. However, we will have to keep in mind that
here, these motions with complex sources are only auxiliary variables, algebraically close to
the vortex motions that they generalize. But they will help us in finding simple conditions
satisfied by real systems of vortices. As in the case of vortices, the motions of complex
sources can be or not be relative equilibria, with a fixed center of rotation in the case ω 6= 0.
One can check that the equations of a relative equilibrium are the same as the equations of
the previous section for the case of vortices.
Let us define our virtual velocity field 1 as the field generated by N sources with
complex intensities 1, ρ−1, ρ−2, . . ., ρ−(N−1) at the vertices 1, ρ, ρ2, . . ., ρN−1 of a regular
polygon. Thanks to symmetry considerations, we can easily see that this configuration is
rigidly translating with non-zero velocity. As a matter of fact, the velocity v0 of the source
located at point 1 is the sum of the contributions of the sources located at ρ, ρ2, . . ., ρN−1,
with intensities ρ−1, ρ−2, . . ., ρ−(N−1). And the velocity v1 of the source located at point
ρ is the sum of the contributions of the sources located at ρ2, ρ3, . . ., ρN−1, ρN = 1, with
intensities ρ−2, ρ−3, . . ., ρ−(N−1), ρ−N = 1. From v0 to v1, the positions of the sources are
multiplied by ρ, whose modulus is 1, and the intensities are divided by ρ. So the two veloci-
ties have to be equal, and equal to the velocities of the other sources. A simple computation
shows that these velocities do not vanish.
Let us define our virtual velocity field 2 as the field generated by N sources whose
intensities are all equal to i (or by N vortices whose vorticities are all equal to 1) at the
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vertices 1, ρ, ρ2, . . ., ρN−1 of the regular polygon. This configuration is a relative equilibrium
with non-zero angular velocity and center 0.
Let us define our virtual velocity field 3 as the field generated by N sources with in-
tensities 1, −e−ipi/N , e−i2pi/N , . . ., e−i(N−1)pi/N at the vertices 1, ρ, ρ2, . . ., ρN−1 of the regular
polygon. This definition is only relevant when N is odd, as the first and N -th vorticities
have to be the same: (−1)Ne−iNpi/N = 1. Thanks to symmetry considerations, we can see
that this configuration is an absolute equilibrium. As a matter of fact, the velocity of the
source located at point 1, for instance, is the sum of the contributions of the sources located
at ρ and ρN−1, ρ2 and ρN−2, . . ., ρ(N−1)/2 and ρ(N+1)/2. A simple computation shows that
the contribution of the source located at ρ is the opposite of the contribution of the source
located at ρN−1. The same results holds for the contributions of the sources located at ρ2
and ρN−2, . . ., ρ(N−1)/2 and ρ(N+1)/2. Thus, the source located at 1 has zero velocity. This
argument can also be applied to the other sources, so all of them have zero velocity.
In figure 1, we plotted the pathlines for these three virtual velocity fields in the ro-
tating frame where the polygon does not move, in the case N = 5. We can see various
sets of closed pathlines of virtual field 2: around the five vortices (with infinite velocity),
and around the origin and the vertices of another pentagon (with zero velocity, so they are
equilibrium centers).
Let us consider the velocity field generated by complex sources Γ0, . . ., ΓN−1 in relative
equilibrium at the vertices 1, ρ, ρ2, . . ., ρN−1 of the regular polygon. Let us first assume
that the angular velocity ω does not vanish. What can we obtain after superimposing this
velocity field and λ times (where λ is a complex number) rigidly translating virtual field 1?
In other words, what can we obtain after a change of sources of the form:
(Γ′0, . . . ,Γ
′
N−1) = (Γ0, . . . ,ΓN−1) + λ(1, ρ
−1, . . . , ρ−(N−1))?
According to the linearity in the sources of Helmholtz’s equations, the velocity field obtained,
which is the superposition of two relative equilibria, will be in relative equilibrium with an-
gular velocity ω and center Ω + iλv/ω (Ω is the center of the relative equilibrium that we
are considering and v is the translation velocity of field 1). So we can choose λ such that
the new center is at the origin. Thus, using a change of sources, we are now able to restrict
our study to relative equilibria with center at the origin.
What can we obtain now after superimposing our new field and µ times (where µ is
a real number) virtual field 2 in relative equilibrium? In other words, what can we obtain
after a change of sources of the form:
(Γ′′0, . . . ,Γ
′′
N−1) = (Γ
′
0, . . . ,Γ
′
N−1) + µ(i, . . . , i)?
According to the linearity in the sources of Helmholtz’s equations, the velocity field ob-
tained, which is the superposition of two relative equilibria, will be in relative equilibrium,
with constant polygon center at 0 and angular velocity ω + µω′, where ω is the angular
velocity of the field that we are considering and ω′ is the angular velocity of field 2. So we
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Figure 1: Pathlines of virtual fields 1 (at the top, on the left), 2 (at the top, on the right)
and 3 (at the bottom), in the case N = 5.
can choose µ such that the new angular velocity vanishes. Thus, using changes of sources,
we are now able to restrict our study to absolute equilibria.
Using a similar change of sources, we can deal with the case with vanishing angular
velocity ω. Subtracting a suitable multiple of rigidly translating field 1 (and no multiple of
field 2), as we did in the case ω 6= 0, we obtain zero translation velocity, i.e. an absolute
equilibrium again.
The absolute equilibria that we are looking for are characterized by the following
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equation:

0 1
1−ρ−1
1
1−ρ−2
. . . 1
1−ρ−(N−1)
1
ρ−1−1
0 1
ρ−1−ρ−2
. . . 1
ρ−1−ρ−(N−1)
...
...
...
...
1
ρ−(N−1)−1
1
ρ−(N−1)−ρ−1
1
ρ−(N−1)−ρ−2
. . . 0




Γ′′0
...
Γ′′N−1

 =


0
...
0

 ,
which is equivalent to: MΓ = 0, where Γ = (Γ′′0, . . . ,Γ
′′
N−1) and:
M =


0 1
1−ρ−1
1
1−ρ−2
. . . 1
1−ρ−(N−1)
1
1−ρ−(N−1)
0 1
1−ρ−1
. . . 1
1−ρ−(N−2)
...
...
...
...
1
1−ρ−1
1
1−ρ−2
1
1−ρ−3
. . . 0

 ·
We saw that for Γ = (1, ρ−1, . . . , ρ−(N−1)) (the sources which generate virtual field 1),
the configuration is rigidly translating with non-zero velocity. This is equivalent to:
M(1, ρ−1, . . . , ρ−(N−1)) = v(1, ρ−1, . . . , ρ−(N−1)),
where v is the velocity of translation. Thus: Γ = (1, ρ−1, . . . , ρ−(N−1)) is an eigenvector of
M with non-zero corresponding eigenvalue.
We also saw that for Γ = (i, . . . , i) (the sources which generate virtual field 2), the
configuration is a relative equilibrium with non-zero angular velocity. This is equivalent to:
M(i, . . . , i) = ω(i, . . . , i),
where ω is the angular velocity. Thus: Γ = (i, . . . , i) is an eigenvector of M with non-zero
corresponding eigenvalue.
Lastly, we saw that for Γ = (1,−e−ipi/N , e−i2pi/N , . . . , e−i(N−1)pi/N ) (the sources which
generate virtual field 3), the configuration is an absolute equilibrium. Thus, this vector is
an eigenvector of M whose corresponding eigenvalue is 0.
In fact, it is easy to see that the fact that these three systems of sources are eigen-
vectors follows from the only “circulant” feature of these vectors (multiplying a component
by a constant coefficient, we obtain the next one) and the matrix M (shifting all the terms
of a line one index to the right, we obtain the following line). Using this argument, we can
see that, more generally, the N vectors (1, ρk, ρ2k, . . . , ρ(N−1)k), where k = 0, . . ., N − 1,
are eigenvectors of M . Besides, we can check that they form an orthogonal basis. The
corresponding eigenvalues have the following expression:
λk =
N−1∑
l=1
ρkl
1− ρ−l =
1
2
N−1∑
l=1
(
ρkl
1− ρ−l +
ρ−kl
1− ρl
)
=
1
2
N−1∑
l=1
ρ(k+1)l − ρ−kl
ρl − 1
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=
1
2
N−1∑
l=1
1
ρl − 1
k∑
m=−k
(ρ(m+1)l − ρml) = 1
2
k∑
m=−k
N−1∑
l=1
ρml =
1
2
(N − 1− 2k)·
If N is even, there is no absolute equilibrium. If N is odd, the values of the sources which
generate virtual field 3 (which is the eigenvector obtained for k = (N − 1)/2) provide the
unique absolute equilibrium.
Let us now consider a physical polygonal relative equilibrium formed ofN ≥ 4 vortices
(the sources are pure imaginary numbers). If N is even, we have:
(Γ′′0, . . . ,Γ
′′
N−1) = (Γ0, . . . ,ΓN−1) + λ(1, ρ
−1, . . . , ρ−(N−1)) + µ(i, . . . , i) = 0·
Taking the real part of this equality, we obtain: λ = 0. So (Γ0, . . . ,ΓN−1) = −µ(i, . . . , i). So
the Γk are equal. If N is odd, we have:
(Γ′′0, . . . ,Γ
′′
N−1) = (Γ0, . . . ,ΓN−1) + λ(1, ρ
−1, . . . , ρ−(N−1)) + µ(i, . . . , i)
= ν(1, ρ(N−1)/2, ρN−1, . . . , ρ(N−1)
2/2)·
Taking the real part of this equality, we obtain:

1 1 1 1
ρ−1 ρ ρ(N−1)/2 ρ−(N−1)/2
...
...
...
...
ρ−(N−1) ρN−1 ρ(N−1)
2/2 ρ−(N−1)
2/2




λ
λ¯
−ν
−ν¯

 = 0·
As
det


1 1 1 1
ρ−1 ρ ρ(N−1)/2 ρ−(N−1)/2
ρ−2 ρ2 ρN−1 ρ−(N−1)
ρ−3 ρ3 ρ3(N−1)/2 ρ−3(N−1)/2


= (ρ−ρ−1)(ρ(N−1)/2−ρ−1)(ρ−(N−1)/2−ρ−1)(ρ(N−1)/2−ρ)(ρ−(N−1)/2−ρ)(ρ−(N−1)/2−ρ(N−1)/2) 6= 0,
we have: λ = ν = 0. Again, the Γk are equal. Thus, we have just showed that for a relative
equilibrium with N ≥ 4 vortices at the vertices of a regular polygon, the vorticities are
always equal.
In fact, if from the beginning we had assumed the total vorticity not to vanish and
the center of vorticity to be the geometric center of the polygon, this result could have been
proved in a simpler way. In this case, for a relative equilibrium, the motion is a choreogra-
phy: the N vortices chase each other on the same curve with the same phase shift between
two vortices. Now it can be shown that this cannot occur for distinct vorticities (Celli, 2003).
Let us now consider the more general problem obtained when we add a vortex at the
geometric center of our polygon of vortices. It is obvious that if this new configuration is a
relative equilibrium, then the previous configuration formed of a polygon is also a relative
equilibrium. Thus, for a regular polygon with N ≥ 4 vortices and a vortex at the center
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in relative equilibrium, the vorticities on the polygon have to be equal according to the
previous result. Finally, let us study the case N = 3: for which values of the vorticities is
an equilateral triangle of vortices with a vortex at its center in relative equilibrium? The
velocities v0, v1, v2 of the vortices with vorticities Γ0, Γ1, Γ2 at the vertices z0 = 1, z1 = ρ,
z2 = ρ
2 of the triangle have the following expression:
vk =
i
3
∑
l 6=k
Γl(zk − zl) + iΓzk = i
3
((Γ0 + Γ1 + Γ2 + 3Γ)zk − (Γ0z0 + Γ1z1 + Γ2z2)),
where Γ is the vorticity at the center. The velocity of the vortex at the center has the
following expression:
v = −i(Γ0z0 + Γ1z1 + Γ2z2)·
Thus, we have:
vk − v
zk
=
i
3
((Γ0 + Γ1 + Γ2 + 3Γ) +
2
zk
(Γ0z0 + Γ1z1 + Γ2z2))
=
i
3
((Γ0 + Γ1 + Γ2 + 3Γ) +
2
zk
(Γ0 + ρΓ1 + ρ
2Γ2))·
This quantity has to be independent of k, which is equivalent to the condition:
Γ0 + ρΓ1 + ρ
2Γ2 = (Γ0 − Γ2) + (Γ1 − Γ2)ρ = 0·
So Γ0 = Γ1 = Γ2.
III Two polygons with the same vorticity on each poly-
gon
Let us consider two concentric regular n-gons (n ≥ 2), with a vortex at each vertex, in
relative equilibrium. We assume that the vortices of a same polygon have the same non-zero
vorticity Γ1 or Γ2. The configuration of the N = 2n vortices cannot be rigidly translating
(with non-zero velocity) as, by a symmetry argument, the velocity would have to vanish. By
symmetry again, the common center of the two polygons has zero velocity. So the motion is
either a rotation around the center of the polygons (with non-zero angular velocity) or an
absolute equilibrium. Let us remark that if we had first assumed the center of the polygons
to have zero velocity, then we would not have needed to assume the two polygons to have
the same number of vertices (Aref et al., 2002). It can also be shown that the angle between
the two polygons has to be equal to 0 (the symmetric case) or π/n (the staggered case), as
in figure 2 (Aref et al., 2002).
The relative equilibria formed of two concentric polygons, with the same vorticity
on each polygon, are studied in Havelock, 1931 (where the case Γ1 = −Γ2 is stressed) and
Aref et al., 2002 (where the solution of the case Γ1 = Γ2 can be found), among others. The
simpler relative equilibria formed of a polygon and a particle with zero vorticity can easily
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be computed (see Morton, 1933; Aref et al., 2002). The more general problem with three
polygons was also solved in the particular case where the vorticities of the three polygons
are equal (Aref and van Buren, 2005). We also know that, for three polygons, the number of
relative equilibria corresponding to a generic set of vorticities (identical on a same polygon)
is finite (O’Neil, 2007). The purpose of this section is to provide an exhaustive classification
of all the relative equilibria formed of two polygons, which will be valid for every Γ1 and Γ2.
Figure 2: Symmetric configuration (on the left) and staggered configuration (on the right).
In the symmetric case, it can be shown (see Aref et al., 2002) that the configuration
is a relative equilibrium when it satisfies the following condition:
rn+2 −
(
2n
n− 1 + γ
)
rn −
(
1 +
2n
n− 1γ
)
r2 + γ = 0,
where r is the ratio of the radii of the two n-gons, and γ is the ratio of the vorticities.
This equation remains invariant if we change r by 1/r and γ by 1/γ, which corresponds to
exchanging the two polygons. In order to solve it, it seems relevant to separate the variables
r and γ:
rn+2 − 2n
n− 1r
n − r2 =
(
rn +
2n
n− 1r
2 − 1
)
γ·
It is easy to see that the factor rn + 2n
n−1
r2 − 1 vanishes for only one value of r, which is less
than 1, that we denote by rn. We then have:
rn+2n −
2n
n− 1r
n
n − r2n = r2n
((
rnn +
2n
n− 1r
2
n − 1
)
− 2n
n− 1r
n−2
n −
2n
n− 1r
2
n
)
= − 2n
n− 1r
2
n
(
rn−2n + r
2
n
)
< 0·
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So in this case, the configuration is a symmetric relative equilibrium for no value of γ. For
any other value of r, we obtain the following relation:
γ =
rn+2 − 2n
n−1
rn − r2
rn + 2n
n−1
r2 − 1 = Fn(r)·
Taking its derivative, we get:
F ′n(r) =
2r
(
r2n + 1 + n
2
n−1
rn−2
(
(r2 − 1)2 + 2(2n−1)
n2(n−1)
r2
))
(
rn + 2n
n−1
r2 − 1)2 > 0·
We thus can plot the graph of Fn (figure 3). Its intersections with the horizontal lines
γ = constant provide the relative equilibria corresponding to a given value of the vorticities.
The intersections with the vertical lines r = constant provide the relative equilibria corres-
ponding to a given value of the radii.
Fn(r)
0
0 1
−1
r
rn 1/rn
Figure 3: The function Fn.
Then we can see that for a given value of the vorticities Γ1 and Γ2:
- If Γ1 and Γ2 have the same sign and Γ1 6= Γ2, there are exactly two symmetric relative
equilibria (up to similarities). For one of them, the vortices with the larger vorticity (in
absolute value) are on the larger polygon. For the other, they are on the smaller polygon.
The same result had been obtained for the analogous problem in celestial mechanics, where
the masses (quantities analogous to the vorticities) are always positive, so they have the
same sign (Moeckel and Simo´, 1995). For our two relative equilibria, the ratio of the small
radius to the large radius is less than rn.
- If Γ1 = Γ2, there is exactly one symmetric relative equilibrium. This is a classical re-
sult (see Aref et al., 2002). Here, by symmetry, each solution r of the previous case is the
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multiplicative inverse of the other solution. So these two solutions define the same relative
equilibrium, up to an exchange of the polygons.
- If Γ1 and Γ2 have opposite signs and |Γ1| 6= |Γ2|, there is exactly one symmetric relative
equilibrium. The vortices with the larger vorticity (in absolute value) are on the smaller
polygon. The ratio of the small radius to the large radius is greater than rn.
- If Γ1 = −Γ2, there is no symmetric relative equilibrium, as the unique solution r is 1: the
polygons would be coincident. This is a classical result (see Aref, 1982).
Moreover, for a given configuration:
- If the ratio of the small radius to the large radius is equal to rn, the configuration is a
symmetric relative equilibrium for no value of Γ1 and Γ2. Otherwise there exist exactly
one Γ1 and one Γ2 (up to a coefficient of proportionality) such that the configuration is a
symmetric relative equilibrium.
- If this ratio is less than rn, the vorticities have the same sign.
- If this ratio is greater than rn, the vorticities have opposite signs and |Γ1| 6= |Γ2|. The
vortices with the larger vorticity (in absolute value) are on the smaller polygon.
In the staggered case, it can be shown (see Aref et al., 2002) that the configuration
is a relative equilibrium when it satisfies the following condition:
rn+2 −
(
2n
n− 1 + γ
)
rn +
(
1 +
2n
n− 1γ
)
r2 − γ = 0·
This equation remains invariant if we change r by 1/r and γ by 1/γ, which corresponds to
exchanging the two polygons. It is equivalent to:
rn+2 − 2n
n− 1r
n + r2 =
(
rn − 2n
n− 1r
2 + 1
)
γ·
Let us first consider the amazing case n = 4. Then this equation becomes equivalent
to: (
r4 − 8
3
r2 + 1
)
(r2 − γ) = 0·
Thus, the staggered configuration corresponding to
r = r′4 =
√
4−√7
3
or r = r′′4 =
√
4 +
√
7
3
=
1
r′4
is a relative equilibrium for any vorticities. For vorticities Γ1 and Γ2 with the same sign, there
is exactly one more relative equilibrium (up to similarities), corresponding to r =
√
Γ2/Γ1.
For vorticities Γ1 and Γ2 with opposite signs, there is no other relative equilibrium. Every
staggered configuration with r 6= r′4, r′′4 , is a relative equilibrium for exactly one Γ1 and one
Γ2 (up to a coefficient of proportionality), which have the same sign.
There exist exactly one value Γ˜1 of Γ1 and one value Γ˜2 of Γ2 (up to a coefficient of propor-
tionality) such that the staggered relative equilibrium corresponding to r = r′4, for instance,
is in fact an absolute equilibrium. This is due to the linearity of the angular velocity ω, seen
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as a function of Γ1, Γ2. It has rank 1, because when Γ2 tends to 0, the angular velocity
of polygon 1 is different from 0. So its kernel has dimension 2 − 1 = 1. This absolute
equilibrium allows to construct relative equilibria which are solutions of Helmholtz’s equa-
tions for several values of the vorticities: observing the motion of the vortices would not
be enough to determine the vorticities! The relative equilibria formed by a regular polygon
with equal vorticities and a vortex at its center are known examples of such solutions. In
the present case, as ω(Γ1,Γ2) is linear, any vorticities (Γ1,Γ2) will define the same rotation
as the vorticities (Γ1 + λΓ˜1,Γ2 + λΓ˜2) for every coefficient λ, as:
ω(Γ1 + λΓ˜1,Γ2 + λΓ˜2) = ω(Γ1,Γ2) + λω(Γ˜1, Γ˜2) = ω(Γ1,Γ2)·
From now on, we assume that n 6= 4. If n = 2, the factor rn− 2n
n−1
r2+1 only vanishes
for r = r′2 = 1/
√
3. If n = 3 or n ≥ 5, this factor has a unique critical point, and it is
positive at 0 and +∞ and negative at 1. So it vanishes exactly for two values r′n < 1 < r′′n
of r. In every case, we have, for r = r′n or r
′′
n:
rn+2 − 2n
n− 1r
n + r2 = r2
((
rn − 2n
n− 1r
2 + 1
)
− 2n
n− 1r
n−2 +
2n
n− 1r
2
)
= − 2n
n− 1r
2
(
rn−2 − r2) 6= 0
as n 6= 4 and r′n, r′′n 6= 1. So for r = r′n or r′′n, the configuration is a staggered relative
equilibrium for no value of γ. For any other value of r, we obtain the following relation:
γ =
rn+2 − 2n
n−1
rn + r2
rn − 2n
n−1
r2 + 1
= Gn(r)·
Taking its derivative, we get:
G′n(r) = 2r
n+1
(rn + r−n)− n2
n−1
(r2 + r−2) + 2(n
3−n2−2n+1)
(n−1)2(
rn − 2n
n−1
r2 + 1
)2
=
4rn+1Hn(ln(r))(
rn − 2n
n−1
r2 + 1
)2 ,
where Hn(u) = cosh(nu)− n
2
n− 1 cosh(2u) +
n3 − n2 − 2n+ 1
(n− 1)2 ·
If n ≥ 5, we have:
H ′′n(u) = n
2 cosh(nu)− 4n
2
n− 1 cosh(2u) ≥ 0,
as {
n2 ≥ 4n2
n−1
> 0
cosh(nu) ≥ cosh(2u) > 0
This allows to prove that H ′n(u) has the same sign as u, so that Hn has a minimum at 0 and:
Hn(u) ≥ Hn(0) = n(n− 4) + 2
(n− 1)2 > 0·
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Figure 4: The function Gn, n ≥ 5.
So we have: G′n(r) > 0. We thus can plot the graph of Gn for n ≥ 5 (figure 4).
Then we can see that for a given value of the vorticities Γ1 and Γ2:
- If Γ1 and Γ2 have the same sign and Γ1 6= Γ2, there are exactly three staggered relative
equilibria. For one of them, the ratio of the small radius to the large radius is greater than
1/r′′n (so it is greater than r
′
n), and the vortices with the larger vorticity (in absolute value)
are on the larger polygon. For the two others, the ratio of the small radius to the large
radius is less than r′n (so it is less than 1/r
′′
n). For one of these two relative equilibria, the
vortices with the larger vorticity are on the larger polygon. For the other, they are on the
smaller polygon.
- If Γ1 = Γ2, there are exactly two staggered relative equilibria. This is a classical result (see
Aref et al., 2002). One of them corresponds to the regular 2n-gon. For the other, the ratio
of the small radius to the large radius is less than r′n (so it is less than 1/r
′′
n). It corresponds
to the two last relative equilibria of the previous case. Here, by symmetry, each value of r
for these two solutions is the multiplicative inverse of the other value. So these two solutions
define the same relative equilibrium, up to an exchange of the polygons.
- If Γ1 and Γ2 have opposite signs and |Γ1| 6= |Γ2|, there are exactly two staggered relative
equilibria. For one of them, the vortices with the larger vorticity are on the larger polygon.
For the other, they are on the smaller polygon. For both, the ratio of the small radius to
the large radius is between r′n and 1/r
′′
n.
- If Γ1 = −Γ2, there is exactly one staggered relative equilibrium. This is a classical result
(see Aref, 1982). Here, by symmetry, each solution r of the previous case is the multiplicative
inverse of the other solution. So these two solutions define the same relative equilibrium, up
to an exchange of the polygons.
Moreover, for a given configuration:
14
- If the ratio of the small radius to the large radius is equal to r′n or 1/r
′′
n, the configuration
is a staggered relative equilibrium for no value of Γ1 and Γ2. Otherwise there exist exactly
one Γ1 and one Γ2 (up to a coefficient of proportionality) such that the configuration is a
staggered relative equilibrium.
- If this ratio is less than r′n or greater than 1/r
′′
n, the vorticities have the same sign. When it
is greater than 1/r′′n, the vortices with the larger vorticity are on the larger polygon. When
it is equal to 1 (then the configuration is a regular 2n-gon), all the vorticities are equal.
- If this ratio is between r′n and 1/r
′′
n, the vorticities have opposite signs.
It is easy to study the case n = 2 (figure 5) by checking that:
H2(u) = 1− 3 cosh(u) < 0·
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G
2(r
)
Figure 5: The function G2.
We can study the case n = 3 by checking that:
H
(4)
3 (u) > 0·
This allows to prove that the numerator of G′3(r) vanishes exactly for two values s
′
3 < s
′′
3 of
r, each one being the multiplicative inverse of the other. We obtain:
r′3 ≈ 0.6527036, r′′3 ≈ 2.8793852, s′3 ≈ 0.2418796, s′′3 ≈ 4.1342878,
which allows to plot the graph of G3 (figure 6). For convenience, we plotted the graph
of the function G3 only for 0 ≤ r ≤ 1, which corresponds to the case where polygon 2 is
inside. Then it is easy to plot the graph for r ≥ 1, as changing r by 1/r corresponds to
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Figure 6: The function G3 for 0 ≤ r ≤ 1 (on the left) and for 0 ≤ r ≤ 0.5 (on the right,
where we can see the local maximum corresponding to s′3).
exchanging the two polygons, or to changing γ by 1/γ. Thus, the r ≥ 1 corresponding to
a given value of γ are the multiplicative inverses of the r ≤ 1 corresponding to 1/γ in figure 6.
For all n, we can determine which relative equilibria are, in fact, absolute equilibria.
A configuration formed of two concentric regular n-gons (with center at the origin) is an
absolute equilibrium when a vortex of polygon 1 (at point z1) and a vortex of polygon 2 (at
point z2) have zero velocity. Repeating the calculation made in Aref et al. (2002), we can
show that this condition is equivalent to:
Γ2n
1−
(
z¯2
z¯1
)n + Γ1(n− 1)
2
=
Γ1n
1−
(
z¯1
z¯2
)n + Γ2(n− 1)
2
= 0·
This is also equivalent to: (
z2
z1
)n
= 1 +
2n
n− 1γ =
1
1 + 2n
n−1
1
γ
·
The identity of the two last members is equivalent to:
1 +
2n
n− 1γ = −γ
2·
So the configuration is an absolute equilibrium when:(
z2
z1
)n
= −γ2 = 1 + 2n
n− 1γ·
We obtain the value of γ by solving the second degree equation which expresses the identity
of the two last members. Then the identity of the two first members gives the value of
z2/z1. Thus, we can see that only in the staggered case the configuration can be an absolute
equilibrium, for the following values:
γ = −

 n
n− 1 +
√(
n
n− 1
)2
− 1

 , r =

 n
n− 1 +
√(
n
n− 1
)2
− 1


2
n
16
(or for the multiplicative inverses of these values, obtained after exchanging the two poly-
gons).
When n tends to +∞, we obtain the relative equilibria formed of two concentric
homogeneous circles. The quantities Γ1 and Γ2 now are the linear vorticity densities of the
circles. The configuration can equally be seen as a symmetric or staggered configuration,
and we have:
F∞(r) = G∞(r) =
{
1
1
r2
−2
if r < 1
r2 − 2 if r > 1
This function has the same variations as the functions Fn plotted in figure 3, with r∞ = 1/
√
2,
and the functions Gn plotted in figure 4, with r
′
∞ = 1/
√
2 and r′′∞ = 1. Thus, the results
stated above, related to the symmetric and staggered relative equilibria for finite n, remain
valid in the case of two concentric homogeneous circles. There is no absolute equilibrium as,
when n tends to +∞ in the equations of the previous paragraph, we obtain: r = 1.
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